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Plan of lecture

> General description

> Scattering by a homogeneous cylinder

= Scattering of a plane wave by conductor cylinder
= Scattering of a plane wave by dielectric cylinder

> Scattering by a homogeneous sphere

« Lorenz-Mie theory and Debye series

> Some simple but important notes
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General description

General procedure

1. Description of incident EM wave

2. Expansion of the incident beam

3. Expressions of the internal and scattering waves
4. Solving the boundary problem

5. Formula of physical quantities
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General description

Wave functions and indices in 4 simple coordinate systems

coordinates r, 6, ¢ En @ 0, 0,12 u, 6,12
indices m, n m, N n, y n, y
functions  z,(r), Rim(S): Z,(p), sehy(1,9°), ceh, (1,2,
P™€),  Sp(m), e sen(6,0°), ce,(6,9%),
gimg pimg pikyz eikiz, 9%=f(»)
remarks m, n are integers, indices of wave components;

¥ 1S continuous and can be understood as cosine of incident
angle in terms of plane wave expansion.

z,(r): spherical function, P, ™(6): Associated Legendre function,

R.m(8), S,m(7): radial and angular spheroidal functions,

Z. (p): cylindrical Bessel function,

se,(x), ce,(x) and seh,(x) ceh.(x): Mathieu and modified Mathieu function.
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General description

The incident, scattered and internal waves are expanded in
terms of these functions with corresponding coefficients

Coefficients Spherical Cylindrical dependence
coordinates | coordinates
Incident Beam shape ™ -
wave  coefficients (BSC) 9" Gnre () 1)

Scattered Scattering (Mie)
wave  coefficients Independent of

Internal  Internal field incident beam shape;

a,, b, = WOTE- IR o B o

field coefficients Co» (€0, T0)  Cops Coppy Ao Ay

* In the case of spheroidal and elliptical cylinder, the aspect ratio intervenes
In the beam shape coefficients because of the coordinate property.
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Scattering of an infinite cxlmder

1. Scattering of a plane wave by a conductor cylinder

» So the scattering coefficients: 3. (ka)
" THO (ka)
» The total magnetic field is obtained by
H =LV>< E
HO
RMUNIVERSITE
DEROUEN

TM wave: the plane wave propagates in x direction and polarized in xz plane:
E, =E,e, =E,e e, = Eg """,

zi Yz

According to the generation function of Bessel function, the incident wave
can be expanded as

ZI

E = Eoe—ikpcos¢ — Eo Z i—me(kp)eim¢

Suppose that the scattered field is expanded as (since H:ke)—=—e™ /Jkp )

E.=E Y i"a,H?Kkp)e™ Can you
o resolve
The total electric field on the surface of the cylinder p=a is null| this :’ml-';'e
question:

E,=E,+E, =E, Zw: i"[J, (ka)+a,HP (ka) |e™ =

AR
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Scattering of an infinite cxlmder

1.

Scattering of a plane wave by a conductor cylinder

TE wave: the plane wave propagates in x direction and polarized in xy plane:
H H e = H e |k><e — H e |kpcos¢e

zi~z

According to the generation function of Bessel function, the incident wave

can be expanded as
P H,=He"*=H Z i™J_(kp)e™ | Try for
et another

Suppose that the scattered field is expanded as polarization?

H,=H, Y i, H?kp)e™

Mm=—o0

The tangent component of the electric field is null: E =0. We know E =L VxH

0m_zwrm[Jr;(ka)+bmH§f>'(ka)]eim¢=o via-| 1 D [ A LA B,
* 5o the scattering coefficients: | _  J.(ka)
TOHY (ka)
* The total electric field is obtained by
E-—' VxH
Ea
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Scattering of an infinite cxlinder

2. Scattering of a plane wave by a conductor cylinder

Summary:
» The total field outside of the cylinder:
TM wave:
E(p.8,2)=Ee, =, Y. 1" [J,(0) -2, HO (k) Je™e,
a - J. (ka) ; me
" H® (ka) H(p,¢,2)=—VxE
HO
EO N @) ' _ ) img
ﬂwmzw { [Jnkp)—a,HP (kp) Je, +[ I, (kp)—a,HS (kp)]ep}e
TE wave:
E(p,¢,Z)=_iVxH
lew
J. (k .
b, =- Hgf(ii) =@me ‘"‘{'m [ Jn(kp)—D H(Z)(kp)]%+[Jm(kp)—berff)(kp)Jep}e'”"ﬁ
H(p.¢,2) =Eg, =H, Zw) i3, (kp) b, HP (kp) [e™e,
RUNIVERSITE
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Scattering of an infinite cxlinder

2. Scattering of a plane wave by a dielectric cylinder
I

I.  TM wave: the plane wave propagates and polarized

in xz plane, k makes an angle @, with z axis. T |

*  Incident wave: E, = E,(—cosg,e, +singye,)e Cenhrient) A0 X
h=kcosé,, _ S
u=ksin 900 = % (—hcosge, +hsinge, + pie, e Hoesd ) & ’

» Expansion of the incident wave:

Bessel generation function:  f(up,g) =™ = > i™J (up)e™

m=—o0o

. i —-idof mG. i i .of L i
singe ™ = — — = — i "I (kp)e™ cosge ™M =i ——=i>» i '(kp)e™
kpog pp m;o o(Hp) m;o

We obtain 3 -
E,=E ) E, {—thm'(up)ep i Jn(Hp)e, + 1, (Hp)e, }“m‘”m’
M=o v

with g -1" . This can be written in vector wave function:

0

E,, is different from Bohren. Ei=E Z S
Better to use k and without E,,. m=—e
MUNIVERSITE co~<ia
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Scattering of an infinite cxlinder

2. Scattering of a plane wave by a dielectric cylinder

Az

« The incident TM fields are expanded as o i

< ik < T
E,=E > E,n H =-E,— > E,m 8| 2
i OmZOO m’'m i 0 ua) mzw m'm :
 The internal and external fields are expanded as S| F
El = EO Z Em [le mm +dm| nm] \\\V\\T‘L’

H1=EoﬂiEm[c n,+d,m,]

ml" 'm ml m
O ="

E.=—E E E [ia m®» +b_ n®
||(2) PN yz' —ipim /4 s 0 m ml* " 'm ml ' 'm
m (p) > ;pe I e m=—o0

HS:EOKE E, [ ia,n’ +b,m’ |

ml " 'm ml m
OU n=—,

« By using the boundary conditions for electric and magnetic waves at p = a:

E,+E, =E, Hy, +Hy =Hy

E,+E,=E, H, +H, =H,
RUNIVERSITE co—<ia
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Scattering of an infinite cxlinder

2. Scattering of a plane wave by a dielectric cylinder

e The coefficients are found: E=asinby, n=a \/Hl2 — cos® by, a = ka

a (& m V m-= Bm[)m With Ay = hi‘tf“lu“] ) (&) = I]J,,,H]l.],‘“'f].
ml —
H’m "/m g i ’[);; Bm — é_"IH'JEJ;,uI. J,;jl.'ll:"-:I S ,/‘l‘” { ,,]'I"IEIA
b ‘:‘JIINBIN B 11—)'”( "” ( / J C- l
ml = 7 ‘m = neostondy(n)m(€)( _7 =
“’m V, m ’[);;l 1,
L 7 £
dmpr — (CwiDm —AmVm D,, = ncostynt,(n 'Hml (€) ‘:_: -1)
WiV ll)l-l -
l (m“ mT “mr)m "m = & '” (S l ”/ H l’I”HIIH
Yl {
AL ‘1 !h" m lr)/_“ “/u - lt.’/.,;n': ’“II,I; |t‘" .= t‘lulll,’lll'” l"'

* Special case of normal incidence: g —90°, &=, n=am
C,=D,=0 = a,=0b, =0
b, = &’ a, = A No cross polarization.
V, W
 Special case of conductor cylinder m:
m-—>o0, np=am-— o,
J (&) 1) Identical to our previous results.
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Scattering of a homoqeneous sEhere

1. Lorenz-Mie theory
Scattering of the plane wave by a homogeneous sphere

cf. Bohren Chapt.4 +—F, TFEHZN 1%

b| The incident wave is polarized in direction.

= |ncident wave: E —Ee Mo —E o krosdg
i~ =0 X~ =0

= \ector wave functions:

~ sing - COS @ -
meln = _|.Zn (kr)ﬂ'n (COS 0) Cgsgeg - Zn (kr)Tn (COS 0) sin £e¢

0

n,, = %[n(n +1)z, (kr)P, (cos 6) 503 gér +[krz, (kn)]'z, (cos 6) S5 gée 7 [krz, (kr)] 7, (cos ) ggggéd

= Expansion of incident wave :

e N[ AW @) 4 WD)
E. _EOZ[cn m&% +d™n
n=0

eln

= |nternal and scattered fields:

= _ N\ S (@) = S ) iy
E, =E,> C™(ia,i$) —b,m}) E, =E, ) CM(c,my, —id [{)
n=1 =1

n' ‘eln

MUNIVERSITE
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Scattering of a homogeneous sphere

= Expansion of the incident wave: E; =Ege"e, = E€""“",
« Scalar potential:

I, =cos¢ > cPP(cosb) j, (kr)
n=1

I}, =sing>_ cPP(cos o) j, (kr)
n=1

with cPY " 2n+1
" n(n+1)

« EM fields:

eln

e N @ in®
E =E).c [moln—ln
n=1

H, =E, > ¢ m§, +ing)
n=1

eln oln

MUNIVERSITE
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Scattering of a homogeneous sphere

= EXxpansion of the scattered waves:
* Scalar potential = s _ 45434 p(eoso)h® (kr)

n=1

T =sing> b, P(cos O)h? (kr)
n=1
 Electric Field: E-E Zcpw[lannéfi b,m&)]

= Expansion of the internal waves:
 Scalar potential :

I1; =cosg¢ ) c,P(cosd)j, (kr)
n=1

IT;, =sing>_d,P(cosb) j, (kr)
n=1

* Electric Field:

n°"'oln n" “eln

E . =E > c™ [c m$) —id n(l)]
n=1
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Scattering of a homogeneous sphere

= Boundary conditions at r = a:

Ei¢ + ES¢
Ei& + Es@

* \We establish

v (X) = xJ,(X)
&(x) = xh;?(x)

a =ka

and find

=Ee¢ Hi¢+Hs¢=He¢
=Ee0 Hi€+H59:HeH

v, (fa)e, +ME, ()b, = iy, ()

v, (a)c, + & ()b, = v (@)
iy, (Ma)d, +& (@)a, =, (@)
v, (fia)d, + ME, (a)a, = fiy,

o T (Mo, (@) —w, (@), (a)

n

MUNIVERSITE
DEROUEN
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Scattering of a homogeneous sphere

= Resonance:
Coefficient of Mie for external field:

o = My (May, (@)~ @y, (M) | _ v (May, (@) = iy, (@), (Ma)

T My, (Ma)g, (@) & (@, (M) "y, (Ma)S, (o) —mE, (a)y, (Ma)

Resonance electric:

a, —co when My, (Ma)s, (@) = &, (@), (Ma)

Resonance magnetic:

b, — o0 when y, (Ma)&, (@) = M&, (), (Mcr)

Given m to find x
Or given x find m

MUNIVERSITE
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Scattering of a homogeneous sEhere

= Calculation of physical quantities

* Far field: _

E —iE " Az @) +br ) | L Scattering diagram:
2
ik COS
Es¢=—iEoe singy 2”” slem@z@) =) P10
ki wan(nd sin’ ¢
* Cross sections:

|, =cos®pf (0)

2 |, =sin“¢f(0)
C.. =7Ren2=;(2n+1)Re(an+bn) 2 Resonance:
« Radiation pressure:

2 «©
Coa =3 @n 013, F +15, )
n=1

when a, or b, — oo
M 2nt1l ] )
C'P‘rpz = E Z {n + 1] ’gnlﬂRe{ﬂu -F_ bh- - Eﬂnbn} E % o0
ﬂ(1+2} " Cov Cou 2@
nin . .
* n+1 Relgng ni1(an + bn + any - Cpr,z —> 0
+ J5‘::+1 - Eﬂnﬂ;+1 - Eb"b;+l}l].

RUNIVERSITE

DFROUEN coia

CINRS - UNIVEM 'INSAGO ROUEN

11-18



Lecture at Xidian University 7522 HL T RHOR A BLAOG 2 BTHT 2

Scattering of a homogeneous sphere

= Examples of calculation

Scattering diagrams Radiation pressure

Scattering diagrams of a water droplet ~ z component of radiation pressure of a
(a=7.5 pm m=1.333) illuminated by a  water (m=1.333) droplet illuminated

plane wave (A=0.6328 pm). by a plane wave (A=0.6328 um).
Scattering diagram Radiation pressure as function of particle size
T 7 P90 AR U S ORI S TN SO S S A T
] Parallel polarizatiol =
. . . = B alfccccodoccocfoccccfocccctocccatoccadtoccactacllctcccc il o=
] Perpendicular polarization =
i L Bt S B [l b [ el EE e & SEEE
% “ uMV %23 dBcccoadocoaadacs | S 1 | S ST § SRR A AL A Y U,
L 3 I | o
D261 T
o 1 '
2 5 24 - T SRR LI CEE I TR 1 R T A B R
! %22- e L o ---------------------------------
nd
0O 20 40 60 80 100 120 140 160 180 2':", e e S S B W
Scatterin angle [°] 47 475 48 455 48 485 5 505 51 515 52
Radius [pm]
RUNIVERSITE co—<ia
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Scattering of a homogeneous sphere

2. Lorenz-Mie theory

Scattering of the plane wave by a conductor sphere

An exercise:

= As aspecial case of the Mie theory
« Find a,andb,:

_ My, (Ma)y, (@) — w7, (@), (Mex)

_ va(Ma)y, (@) My, (2)y, (M)

n

conductor : M —

= Direct solution: .
« Incident wave: E, = Ech [m, i

« Scattered wave: E, = Eochw lia,n{) -
n=1

A ¢
TS

* Boundary conditions: E ;= E,=0. It is ready to find the same a, and by,

MUNIVERSITE
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Scattering of a homogeneous sphere

3. Debye theory

Expansion of the scattered wave in different orders

[anj _ v, (B (@) — @y, (B) _ 1 {1_ R _TEraY (Rm)“}
b, ) x,(Be@-Y& @y, (B) 27 T T TR

n
Co | T 1< p-1
(d j_ i) 2t )

n p=1

p=1

R _ _ a&, (X)E,(Y) = BE, (K& (Y) _ &) aD{ (x) — SDP (y)
" a&, (X)S, (V) = BE (X (Y) &, (y) aDP (x)— BDP(y)

a2 __ @6, (06 (V) =BG (0, (Y) _ &,(x) @D (x) - BDy ()
' &, (¢, () = 5, (04, () &(x) @D () - D (y)

T _ 2 T2 _ m 2
T ag, (08, (Y) = BE, (S, (Y) tom, g (S, (Y) - BE, ()<, (Y)
/m, pour a 1 our a
a=ka, pB=mka, x= MMz P " = POt &,
1 pour b, m,/m, pour b,

MUNIVERSITE
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Scattering of a homoqeneous there

= Examples of calculation: scattering diagrams

Scattering diagrams of different orders for a water droplet (a=7.5 pum, m=1.333)
illuminated by a plane wave (A=0.6328 um).

Perpendicular polarization Parallel polarization
Scattering diagram Scattering diagram
6 ‘ ............... 6 \h ...............
4 mmr\ S S TS SN, U S 4] VW __________
w VO ; . AN W‘VVWM .
7 ] [T T s WWVYVV‘IW VR\WWJ\/VL\,{I '\wr"\va” V\\ PVTA'W 2 MY\M.W“‘ o ) AT
S O o \ G S oo
S0 T W Yy Lo J B o O NV T
" d mILT B '
[ O SR S S\ Ly AT SRS SO ¥
T s S
_6 ...............
\ S IR SSSTRRSIEE SNSRI SCRISSIOON: SRR SO SRS S
8 ...............
Lk S—VVWW .............
0 20 40 60 8 100 120 140 160 180 0 20 40 60 8 100 120 140 160 180
Scatterin angle [°] Scatterin angle []
Total intensity p = —1,0: diffraction + reflection. p = 1: reflection.
p=2: one internal reflection. p=3: two internal reflections.
AUNIVERSITE com 2ja
= 'DEROUEN

11-22



Lecture at Xidian University 7522 HL T RHOR A BLAOG 2 BTHT 2

Some simple but important notes

=  Time convention
- Two conventions are used in this lecture according to the context, so
the attention must be paid when using the formula.
- The signs of the time and propagation factors are always opposed.

—ikr

elkr Or eI|(Z for e—la)t e Or e_ikz for eia)t
- Relation between the two conventions: all formula for one convention
can be converted for the other by replacing i by —i

= Sign of the imaginary part of refractive index
The sign of the imaginary part of refractive index is always opposed
to the sign of time convention (before i)

=  Wavelength in Mie theory
When the refractive index of the surrounding medium is different from 1
and the relative refractive index is used, the wavelength MUST be that
in the surrounding medium, but not the wavelength in the vacuum.

MUNIVERSITE co—=<ia
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Some simple but important notes

= Polarization
Different definitions and nominations are used according to the context.
- Perpendicular and parallel polarizations:
 Usage: often for reflection and refraction, scattering wave in far field.

 Definition: electric field relative to the scattering plane (defined by the
direction of the incident wave and the observation point).

 Exception: For infinite cylinder, the polarization of the incident wave is
defined according to the plane of the cylinder and the incident wave, but
the scattered field is defined according to the scattering plane (defined by
the incident direction and the observation point) (Bohren).

- Horizontal and vertical polarizations :
« Usage: mainly in wave propagation, antenna, and microwave, .
o DefinitioNn: (Theory of irospheric wave, KC Yeh and CHLiu 1972, F g5 Sk Hig, /A, XK1 1983)
Horizontal: E perpendicular to the incident plane (since surface horizontal).
Vertical = H perpendicular to the incident plane.

RUNIVERSITE TER)
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Some simple but important notes

- TMand TE:
« Mean only transversal electric and magnetic field.
EX. In GLMT g,,,, r¢ calculated by H,(E,,=0), 9, v Calculated by E, (H,,=0).
« Used for reflection and refraction:(F—F: T.fEHE)11%)
TE= 1L since the polarization of E does not change at all for all the waves.
TM=|| since the polarization of H does not change at all for all the waves.

E,=E, =TE R

E,=E, ZTM

1| PUNIVERSITE
= 'DEROUEN
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Scattermg of a homoqeneous sEhere

ikr cos@
e

= Expansion of the incident wave: E; =Ege"e, = E€""“",
e Using relations: e, =sin&cosge, +cosdcos ge, —sin ge,
the generation function: OOS

_1/\) cos H &_1 /” %Q )
and the derivatives:
sin fe~kr o8t — Z "(2n+ *&(U%@""m 50 ih "(2n + 1) j, (kr) Pu(cos 6)
n_O

n=>_0

* Then comp%@o}he e)@g@mn form
€$§> o SR o]

W _in 2n+1 S R——
(g & n(n+1) d," =G,

« EM f&lds
E =EYc[mY-in®] H,=Ec[m®+ind]
n=0 n=0
RUNIVERSITE
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