Lecture at Xidian University
on Frontiers in modern optics

Scattering of shaped beam by
particles and its applications

|. Fundamentals of light scattering by small particles

Kuan Fang REN

CORIA/UMR 6614 CNRS - Université et INSA de Rouen
School of physics and optoelectronic Eng., Xidian University

MUNIVERSITE co—ia
DEROUEN




BHZEFHEKRF
ARAF AT EA

B R MM 2N Fe 5 A
B — . TR EET A

1% %

EEE 5 KF — CORIAFF
HELTHBERFHEELEFR

AN AMTT: http://ren.perso.neuf.fr
Hi%: [E 88202673, VA[E 023295 3743

MUNIVERSITE

" \DFROUEN (o= 0 T [ |

UMR 6614
CNRS - UNIVERSITE et INSA de ROUEN




Lecture at Xidian University 7522 HL T RHOR A BLAOG 2 BTHT 2
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Introduction

» Elastic scattering

» Inelastic scattering

The effects of multiple scattering
and coherent scattering depend not
only on the concentration but also
the size of the particles.
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Introduction

Continuous .
Incident
or pulse Beam
_ » External (near or far field)
Interaction > Internal field
» Force (Pressure or torque)
Individual or
cloud/aggregate Scatters
of particles

Combustion

EM wave propagation

Remote sensing Fluid of mechanics

Telecommunications Manipulation of small particles

Environmental science < Biological and life science
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Introduction

Theoretical models

» Rigorous theories
= Lorenz-Mie Theory

* Generalized Lorenz-Mie theory(GLMT)

» Numerical methods (mainly for non-spherical object)
= FDTD - Finite Difference Time Domain
= MoM - Method of Moments
= FEM - Finite Element Method
= T-Matrix
= DDA - Dipole Discrete Approximation (ADDA and DDSCAT)

MUNIVERSITE
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Introduction

Theoretical models

» Approximate models

MUNIVERSITE
= 'DEROUEN

Rayleigh’s theory : any shape, dimension /<< A4
Rayleigh-Gans: |m-1|<<1

Diffraction: [ ~A

Geometrical Optics: [ >> A

Geometrical Theory of Diffraction

Rav theorv of wave (RTW) under development
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Introduction

Applications

Physics Astrophysics
Understanding of physical Effect of force
procedures Interplanetary Dust Particles

EM Scattering of an
arbitrary object

Optical Tweezers
Biological/life science

Optical metrology

Environment . .
Ener propagation L detection Micro-fluidics
gy communication

...... Material scien
Radar . aterial science

EM wave
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Fundamentals - Plane wave

Electromagnetic (EM) field and properties |

Wave front= plane ||xOy

X
y Propagation direction L E et H
O Wave vector: k
E H Wave number:  k =27”

E, = A cos(at—K-r—¢,)
E, = A cos(owt—k-r—g)

E = E e/ "% | (complex fonction)

Two polarizations: {

E —electric field
H —magnetic field

1 . Ay m
D=¢E, B = ,UH H :kaE g permlttl\{lty
U - permeability

In an isotropic medium:

MUNIVERSITE
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Fundamentals - Different forms of wave

| Electromagnetic (EM) field and properties

» 1

spherical
Cylindrical Plane wave in far field
-UNWERSlTE (w
= 'DEROUEN
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Fundamentals - Refractive index

Complex refractive index

Mm=m_—mi

Real part - velocity: m = —
V

Examples:
vacuum: c= 3x108ms?t, 2A=0,6328 um

water: n.,=1,33 v, =2,26x108 ms*, A.,=0,4758 um
glass: Nue=15  Vyerre=2,00x102 ms?t, A e=0,4219 um

N n'—'n : v=y" A=A’
n<n —_— vyl ASA]
- n>n v<v’ A<A’
RUNIVERSITE co—=ia
DEROUEN
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Fundamentals - Refractive index

Complex refractive index

Imaginary part - absorption:

MUNIVERSITE
DEROUEN

FIBIREL: d :L:o_le;i
m.K, m,

E = E ' o) Penetration depth d:

_ Eoeia;t—imrkoz—mikoz+i¢ EO(Z = d) _ e_l i o @:%:135%

_ Eoe—mikozei(a)t—mrkoz+¢) EO(Z = 0) 1(0) e

i A Z: 1 A
Amplitude a z k o d = _0.162
E,(z) = E,(z =0)e " m.k, m.
A =0.6328 pm

m,=0.1,d =1 pum
m,=0.0001,d =1 mm
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Fundamentals - Energy and momentum

Poynting’s vector and Intensity |

1
Energy density (J/m3): U= E( E-D+B-H)
Poynting’s vector (W/m?):

S:ExH:quExHj
2

O

Complex function

In isotropic medium

Poynting’s vector: S =vun

Intensity: | =[S oc E*

MUNIVERSITE
= 'DEROUEN
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Fundamentals - Energy and momentum

| Stress tensor, force and torque

Stress tensor:

f’:lRe{gEE*+yHH*+1(E-E*+H-H*)f} A
2 2 ’

Radiation force: F = gf)s dS(ﬂ Q

Torque: M :—<_f>s ds -((Tyxr)

- -

Integration over a sphere including the particle:
- when r—o0, E,.—0:

1 2 - ‘ ‘ ‘ . ‘
F=— [ f Re [e(1El® + |E4) + u(IHol® + |Hyl?) | e, sin 6dbd¢
=J0 JO
- but E, can never be neglected for torque:
~2n
M = —% f f Re l(eE,.E:,; 4 ,uH,.H:;) eo — (eE.E, + uH,Hp) ed,] 3 sin OcdBd d
= J0  JO
RUNIVERSITE
DEROUEN
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Fundamentals - Scattering matrix

Relation between incident and scattered waves
in far field

ik A
- 0 S S E . Definition of
— Ikr < 1 L polarization

For a particle of spherical symmetry:
S;=S5,=0

EII

plan de diffusion

particule

y

S

¢

champ incident E;

T

X

Diagramme de diffusion d’une sphere éclairée par un faisceau gaussien
(hors axe), polarisation perpendiculaire en rouge et paralléle en vert.

MUNIVERSITE
= 'DEROUEN
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Fundamentals - Phase function

Scattering diagram

sphere: d=2a, refraction index: m=1.33 | (9 (0) _ Io F(91 (0)
Incident plane wave ’ k22
105 """ rr T T T T T T T T T T T T T T T
—— polarisation parallele | . .
3 [EL‘-lm‘isulinn ;Ecrpcmlicu]uiru InCIdent Wa.ve pOIarlzed
10

In X direction:
2
| =F(0,¢=0)=[S,]|

| =F(0,$=90°)=|s, |’

107
10° Particle size parameter:
1 0'5 ... .. IR S S T N T A S S AT SR SN N A N S S S S S SR R S T i -
0 30 60 90 120 150 180 ——
Angle de diffusion [deg.]
RUNIVERSITE co—<ia
DEROUEN
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Fundamentals - cross sections

Integral properties of a scatter

External EM field: E=E+E,, H=H+H,
Poynting vector of total filed: X _
1 ‘ Imaginary
S = 7”(’{E X Hr} =S5, - 5.5, P sphere
S: = gRe{E x H;) >/ |
1 | . E{} lll 1: Z,
S. = ShelE. x HJ} ! ;
1 A A4 ,
Sext = sRe{E;,xH.+E.x H;} L /4..:

Energy balance
Wabs — _-.‘A S- erdA :\Ninc _Wsca +Wext

W, =—[ S -edA W, =[S -edA W, =S, edA

W +W

ext abs

sca ‘

=W

MUNIVERSITE
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Fundamentals - cross sections

| Definition of cross sections and efficient factors

Efficient Sections: Physical interpretation

: . W — :
Absorption section: C . = Iabs — 9 @S e c.. Absorption

i + 4

: : W E——
Scattering section: C_, = —< —— { - ‘C Scattering

7
Extinction sction: C,, = IXt — i . ‘ Total

E—— perturbation

Efficiency factors

C C C

_ ext — _Zabs — _~sca
Qext A ! Qabs A ! Qsca A

Transparent particle

Cabs — O’ Cext — “sca Qabs — O’ Qext

QSC&

MUNIVERSITE
= 'DEROUEN
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Fundamentals - cross sections

Know to read and use the graph |

5 . -
Extinction efficiency factor: Q,,(o,,m)=Q,,(A,a,m)
1
3 F
FI:
o
2 | _
CE particule :
EIf transparente '
i II."
i .:"x} ]
U'... P AT T T T T T T N T T T T A T N T T T S M | I T T R R N
0 10 20 30 40
Particle size parameter (o)
RUNIVERSITE co—<ia
DEROUEN
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Small particle
d 4
At
Large particle

Qext % 2

Qext -

The high frequency
Is smoothened for
polydisperse
distribution

Why the sky is blue and
the sun is red at rising
and sunset.

Ay
~ 1-20
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Fundamentals - cross sections

Know to read and use the graph |

40 SRR SR S _
C m=1.33 ]
------------ m=1.33-0.01¢
C =1.33-0.1¢ .
30 F ‘, ,1 =00 Small particle
d<<A:
8( zd\’ m? -1
301 Al 5( 7 j Re(mmj
tof T = i
0.0 ol
0.0 5.0 10.0 15.0 20.0

Particle size parameter
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Fundamentals — Gaussian beam

| Characteristics of a beam

(a). Intensity: decreasing along z and r.

W, ‘ 2r?
I(r,z)=1 { (z)} exp{—-mﬁ(z)}

(b). Beam waist radius w,=w(z=0):
I(r =W )_IU_O)

e’

w(z) = w, 1+[

(c). Divergence angle

w2) )| _ A
0= |Z| Ip {arctan ( H = arctan [ v, j

(d). Rayleigh distance: z, = w2 /A

10, zR)—Ef’, W(z, ) = /2w,

MUNIVERSITE
DEROUEN
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Fundamentals — Gaussian beam

Examples:
Intensity:
Divergence: .
Intensity at the center:
1. 2= 600 nm : 1=,
Wy = 10 um: zx = 500 um, 6 = 0.02 rad Intensity at thle(rbi)(r)gler:l
)= Yo
Wy =1 mm: zg=5m, 0 =0.0002 rad H(r=w)= FrRE
W, =1cm: zgz=500m, 6= 0.00002 rad Total power of the beam:
27 po
2. W,= 100 pm : P =_[ I (r,z)dS =j0 L I(r,z)rdrd@
— : _ _ 2 2
= RO L Zg =3 mm, 6=0.034 rad = 27r|o{ V\(IO)} Io & {_ 22r }rdr
W(Z W= (Z
A =0.6328 pm (He-Ne): zz =5cm, 6 = 0.002 rad ,
W
A= 0.488 um (bleu YAG): zg = 6.4 cm, 6 = 1.5 mrad =1 20

I RUNIVERSITE -
- ill"l DE ROUEN CNRS - UNIVERSITE et INSA d; ROUEN

1-23



Lecture at Xidian University

Fundamentals — Gaussian beam

| Conjugation relation of a Gaussian beam

[ R R s DN S AW s ME R

1 B 1 1
1 2 1
' o, G f
s+ f'
MUNIVERSITE
= "DEROUEN
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Fundamentals — Gaussian beam

Conjugation relation of a Gaussian beam

1 1 1

Special cases: s Z

S+ :
s+ f

* Collimated beam: z,,—x so that s’ =f’.
Same result as a thin lens: parallel wave focused to the focal.

* Incident beam waist at focal, exit beam waist also,
since s = —f =>s’=f". Result completely different from that of GO.

* The positions of the exit beam waist depend not only
on s and f but also on z; (so A and w).

MUNIVERSITE i S
DEROUEN T B>
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Fundamentals — Gaussian beam

Magnification of beam waist |

' 2 2 -1/2
m:W_Ozl:[l+ij +(Z_R} :| ZR':mZZR
W, f! f'

1. Incident plane wave (zg=x), m =0 = w'=0

Attention: this is impossible, theoretical limit: w,~ A/2
2. When s = —f’ (incident beam waist at focal) , m = f/z; = 4/ nw,?
Divergence angle:
0’ =1/ nw, = wy/f.
Examples: wy =1 cm, f=0.1 m, 1=0.6328 pm = zz =500 m, 6 = 0.001°
s=—f=-0.1 m > s'=0.1 m, Wz= 20 um, 0’= 5.7° >

0 = W/mwp

e [
Large divergence becomes small one and vice-versa.
Applications: expansion of a beam. —
AUNIVERSITE co—=ia
= 'DEROUEN
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Maxwell eguations & wave eguations

1. Maxwell equations in differential form

T s O E: electric field
ot H: magnetic field
VxH = j+ Q D: electric displacement
VD — , o B: magnetic induction
J: electric current density
Y:B = W p. electric charge density

2. Constitutive relations

D = ek £ permittivity
B = uH L: permeability

£ and u are scalars in an isotropic medium, matrix in an

anisotropic medium.

MUNIVERSITE
DEROUEN
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Maxwell eguations & wave eguations

(iR R R s DN S AW e MR

3. Wave equations of a harmonic wave In free space:
= Harmonic wave: A(r,t)=A(r)e!“t (A stands for H, D, H or B)

= Free space: =0, p=0

By calculating the curl of the first two Maxwell equations, using the 3

and 4™ equations and the identity:
Vx(VxA)=V(V-A)-V°A

We obtain the wave equations
VE + k°E

with k2=@Pue

- k 1s the wave number
- o Is the angular frequency
- v=,/uds the wave velocity

MUNIVERSITE
DEROUEN

V2H + k*H

To be checked J

~_ by yourself.

[-28
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axwell eguatuons & wave eguatlons

Scalar wave equations

= Plane wave: It is evident that the plane wave E(r,t)=E i@k js
a solution of the wave equation.

= General cases: we can show that in free space two independent

scalar functions are sufficient to describe all EM waves. The
two scalar functions can be two components of a vector potential.

= Hertz vectors: We choose often a component of the electric Hertz
vector I'T, and a component of the magnetic Hertz vector IT , as the
Independent scalar functions and construct the two Hertz vectors:
IT, =all, and IT, =all
They satisfy the same wave equation:
(V?+k)I1=0
and the EM fields are given by:
E =V x(VxIL)—iouV xI1_
H = ia)EVxl'Ie +V x(VxII,)

RUNIVERSITE B\
DF ROUEN co—ia (&)

B 1-29
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Maxwell eguations & wave eguations

5. Vector wave equations
= \ector wave eguation (A stands for E or H or IT)
(V?+k?*)A=0
= \ector wave functions (11 stands for either IT, or IT,.):

We suppose that the scalar function IT satisfies the scalar Helmholtz
equation and a is a vector constant. Then we compose

L. — Y Yk = %
M = Vxall) - - v =1
j WI roperties N =
o _ e o prop v.N = 0§
k V-L=V-Il=—kII
m I -
EM fIEIdS E =Z(A1Nn —I—Bn|\/|n) Cf. Bohren p198
H :.LZ(A\]Mn'FBnNn)JChethhiS
ool ™, ‘l\writing from E.
The divergences of E and H are null in free space, so no L.

MUNIVERSITE
DEROUEN
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Solution of wave equations

1. General description
Our task 1s now to solve the scalar wave equation

(V> +kHI1=0

in different coordinate systems by the variable separation method.
I. Wave functions : TI(x, %, %) = X, ()X, (%) X;()
Il. Differential wave equations D(X, (%)) =

D(T1(X,, %,, %)) =0 j> D(X.()) =v
iii.Solutions: D(X;3(x3)) = T (V)

H(xi,xz,xo=Z@l<x1>x2<x2)x3<x3)

A\
Beam shape CoefT. (J Usually one or two
Scattering coeff.

special functions

Internal field coeff. o
RUNIVERSITE i <Q\
DEROUEN L &z
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Solution of wave equations

2. Solution in the cylindrical coordinate system
= Differential equations in the spherical coordinate system

| 0 ( 011) 1.8 811 .,

- +S—=+—5 +k11=0

p op p-0¢p=  0z-

= Separation of the variables. \We suppose:
II(p, ¢,2) = R(p)P(#)Z(z)

ol
P op

and obtain:

d=Z

7 +h“Z =10

dz®

Harmonic oscillator

2P differential equations.
—_— T P =0

dp?

|
— e ——

dp?  pdp

R 1d 9 V7 ' '
( a ( - - ‘—)R = ()\ Bessel differential eq. \

with »? +p? = k2

MUNIVERSITE
DEROUEN

[-32



Lecture at Xidian University 7522 HL T RHOR A BLAOG 2 BTHT 2

Solution of wave equations

= General solutions of these three differential equations

are respectively
- Exponential function: P (#) =€™ m is the azimuth mode.
- Cylindrical Bessel function: R (1o) =Z,.(Lp)
- Exponential function: Z, (z) =e™ hiisk,.
So the general solution is given by

H,,,/, — Zm(,U,O)(’ i(m¢—hz)
The Hertz potential for plane wave (h const.) is given by

1= Z (/an(,UP>C’ (md—hz)

n=—00

For shaped beam: Z f eonZon (1) 1)

m=—=0eo

Different fields are expressed with different coefficients and
adequate Bessel function.

RUNIVERSITE — i BN\
DEROUEN s (s
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Solution of wave equations

= Electromagnetic field

With help of the relation between the Hertz vectors and EM fields:
E =V x(VxIL)—louV xIL,
H =10V <IT +V x(V xII )

We choose IT=T1e, and establish

p o Pl ool by using:
T Gpoz p b Vx(VxA)=V(V-A)-V°A
ST 0’1, . all, Lol o) 1t o
d — 0 ()‘/)”: ~ LW ()/) sz _ = D + . ~ + ;
211 pop\’ op) p°0¢° oz
o 11, )
E. = ——+k71I, o(pA oA
(-),:— V-Azi (o p)+£ ¢+8AZ
gy Ol iwedll, p Op po¢p oz
s = noN_ 2= o
opdz p 0o Lon A ‘oA, oA 1[o(pA) oA,
1 §211 all, VAo T m N e T e s |
B = = M s ¢ p O0p 01 | 0z Op Pl Op o¢
E p 0ddz dp N
Iy .o To be checked
E. = a2, © A=1L by yourself. )
RUNIVERSITE co—=ia
DEROUEN
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Solution of wave equations

= \ector wave functions:
By introducing the Hertz function in the above equations, the EM

fields can be expressed as vector wave function in the form like:

m=Vx(ILe,) N
E=> (Am,+B,n,)
m=—o0
with
im OZ,, (1) i i B
mg, = I—Z,,,(,up)el, - "' Hf e{f" otlmd hz)
P op
L[ . 0Zu(up him 5 "
Mnh = % I_lh ”'" a )e/' - _ZIN(.u/))e(h T ,U“Z,,,(,U/’)e: (,l(lllu—/).,]
k op P

= In classical Lorentz Mie theory — scattering of a plane wave by a
cylindrical particle, for a given incident angle ¢, h=cos C Is
constant. Only the summation on m is necessary. But in beam
scattering the incident wave and scattered wave must be expanded

In h, so a integral on h is necessary.

RUNIVERSITE T
DEROUEN i
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Solution of wave equations

3. Solution in the spherical coordinate system

= Differential equations in the spherical coordinate system
For convenience we note I1=r¢, then the wave equation becomes

1.8 (50 1L 0. ¢ 1 9
sin 66— . _ ko =0
2 0r ( or ) * r2 sin 6 06 (5111 08) * r2 sin? 0 O¢? TR
= Separation of the variables. \We suppose:
o(r,6,¢) = R(kr)©(8)d(¢)
and obtain: x=cos@, v =n(n+1)

ad
4 mid =0

do
d*p dP m>
1-x° —2x— 4|V - P=0
( \ )d.\~ \d\ (‘ 1 —x2
d*R 2 dR n(n+1)
s 1= R=0
-~ d(kr)?  krd(kr) i I (kr)?

MUNIVERSITE
DEROUEN
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Solution of wave equations

= General solutions of these three differential equations

dd ( ( ” m? d? 2 ¢ n(n )
% =01~ )%_A)‘%”L("—_ 1-_\-'-’)”:“ (/(/ArR)'—’_ZT(/(IAI\:-) ‘ B ((l\,—-:'-’l)‘k'—_“
Are respectively |
- Exponential function: e’ |
- (Associated) Legendre function; £»(cosé)
- Spherical Bessel function: z, (kr)
So the general solution is given by
Cnm = :n(/\'")P:;I((_'OS H)(,)i’”d)
The Hertz potential for any EM wave is given by
(o) +n dl” (l\’ ) Vi (X) = Xjn (X)
(r6.8)= D D cun| xulkr) |P"(cos8)e™ 2 () =X (%)
n=1m==n £l &, (x) = xh (x)

Different fields are expressed with different coefficients and
adequate Bessel function.

MUNIVERSITE
DEROUEN
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Solution of wave equations

= Electromagnetic field
With help of the relation between the Hertz vectors and EM fields:

E =Vx(VxIL)—-iouV xIT
H =10V <IT +V x(V xII )
We choose IT=TI1e, and establish

a1, 11 ;
E, = D + k=11, Hr = % A,m 0 I\J“m
ar= ar2
g LI iep 0l 4 iwe ll, 14°11,
H = ——— 2 - = . + - -
rorod  rsind do ! rsiné do roorod
n . v ? pu Y
Ed’ = 1 "}- ”( W lwp ()‘lrlm Ht,, _ _l(r)E ()] [(» n | ('-"]-lm
rsiné drid r od o0 rsiné drod

by using mcked by yourself. ]

ot 1 du 1 Ou 2
V= —e;3 ——ga —ey x(V x A) = -A)—V°A
5 (')r(r c3 r (7H‘H L rsiuH("I(.f»‘,n v (V ) V(V ) v
1 (7("2Ur) 1 d(sinflag) 1 day
V-a= - + - T -
re dr rsiné dd rsinf do
1 |0(sinbay) ga,| 1| 1 Ga, (ras)| 1]8(ras) oa,
Vxa=— —— e+ —| = —— eyt —|————— ¢,
rsmH] a6 o risinf dd ar r or a6
RUNIVERSITE co—=ia
= "DEROUEN
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Solution of wave equations

= Vector wave functions:
By introducing the Hertz function in the above equations, the EM
fields can be expressed as vector wave function in the form like:

E= Z Z ('A\nnm +an mn)

c n=0 m=-n
with
”I,“” — Ii’”-ll(l\l )ﬂll l(( ().\'H)eﬂ ”(/\’ )T” (( ().\'H)eLhI ()””‘6
l |n(n+1)
ny, = U Td/”(/\l )Py’”]((() t)e,
*d/n(/") ((()\H)eu-r‘lllll,/ (I\I)/’Tl |((()\H | i

= In classical Lorentz Mie theory — scattering of a plane wave by a
spherical particle, we have only terms with m=+1 , so cosine and
sine functions as well as Legendre function are used, and the
vector wave functions are noted as m;,, M.y, Ny1py Negp BUL IN
beam scattering m_., n.. must be used for the solutions to be

completed.
MUNIVERSITE co—-ia
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