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Divergence Factor in Ray Model and Its Application
to Light Scattering by a Large Nonspherical

Dielectric Particle
Ce Zhang , Claude Rozé , and Kuan Fang Ren

Abstract—This letter focuses on the description of the divergence
factor of a wave in terms of differential geometry, called vectorial
complex ray model (VCRM), and its application in the scattering
of a large nonspherical dielectric particle. The VCRM permits to
calculate the amplitude and the phase of electric field rigorously in
terms of ray model, but it fails to predict correctly the field near
caustics (in rainbow angles). This problem is solved by combining
the field calculated with VCRM and the physical optics. This
hybrid method is then applied, as example, to the scattering of an
infinite cylinder and an ellipsoid. The comparison with the rigorous
Debye theory shows that our method can predict very precisely the
scattered field in all directions including near the rainbow angles.
The hybrid method removes the two approximations in Airy theory,
so the results are much better. Because of its flexibility, this method
can be applied directly to the scattering of a large nonspherical
object of smooth surface.

Index Terms—Caustics, divergence factor, large nonspherical
particle, physical optics, scattering, vectorial complex ray model
(VCRM).

I. INTRODUCTION

R ESEARCH on electromagnetic wave scattering by parti-
cles (or objects) is important to both science and technol-

ogy [1], [2], [3], [4]. According to the scattered field, the parame-
ters of the objects/particles, such as size, shape, and temperature,
can be deduced. So, accurate and efficient methods for scattering
are crucial for the applications in many fields. However, the
computation of the scattering field by large nonspherical objects
is still a challenge.

The methods to deal with the scattering can be briefly divided
into three kinds. The first is the rigorous theories, such as Mie
theory and Debye theory [3], [4], [5]. Theoretically, these meth-
ods can be applied to the objects of any size, but they are limited
to the object of very simple shape like infinite circular cylinders
and spheres. There exists also solution for the spheroid [6], but
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the size is limited [7]. The second kind concerns the numerical
methods such as finite-difference time domain [8], discrete
dipole approximation [9], method of moment [10], multilevel
fast multipole algorithm (MLFMA) [11], [12], etc. The shape of
the objects is no longer limited, but they are resource consuming.
The third kind is the approximation models, such as the physical
optics approximation, the geometrical diffraction theory, the
high-frequency method, or the ray models. Usually they need
less computation resources, but their precision is limited and
each method has its specific application domain.

The combination of the geometrical optics (GO) and the
physical optics (PO) is a good compromise. This combined
method GO+PO (also called shooting and bouncing rays) has
been applied to the scattering by cavities, airplane, and aircraft
carrier [13], [14], [15], [16]. But its accuracy is still not satisfac-
tory and there is no general solution to incorporate the divergence
factor in the scattering procedure.

In recent years, the vectorial complex ray model (VCRM)
has been developed [17], [18], in which the wavefront curvature
(WFC) is considered as an intrinsic property of the rays. Thus,
the amplitude and the phase of all the individual rays can be
calculated easily. Its results for the scattering of an ellipsoidal
particle are in good agreement with those of MLFMA and
experimental measurement [11], [19], [20]. However, it still
fails near the caustics (in rainbow angles for example). In order
to remedy this problem, we propose to combine the VCRM
and PO to calculate the scattering field near the caustics. The
contributions of divergence factor to ray model and the hybrid
method VCRM+PO will be described and examined in this letter.

The rest of this letter is organized as follows. To simplify
the presentation, we begin in Section II by the definition of
the divergence factor and the recall of essential aspects of GO
for the scattering of an infinite circular cylinder in order to
introduce the terminology and to evaluate the precision of GO by
comparison with rigorous Mie theory. In Section III, the VCRM
and the hybrid method VCRM+PO are presented. The numerical
results are given and discussed in Section IV. Finally, Section V
concludes this letter.

II. DEFINITION OF THE DIVERGENCE FACTOR AND GO FOR

SCATTERING OF A CIRCULAR CYLINDER

In the VCRM, waves are described by rays. Each ray
represents the properties of the wave along the ray. When a
wave propagates in a homogeneous medium, its intensity varies
according to the divergence or convergence of the wave. We
call the ratio of the intensities at two points along the same ray
due to the divergence of WFC and the divergence factor D.
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Fig. 1. Ray model in scattering of an infinite circular cylinder.

If a ray interacts with a dioptric surface, the intensities of the
reflected and refracted rays are affected by two factor. The first,
called Fresnel factor ε, is due to the reflection or refraction on
the surface and can be calculated by the Fresnel formulas. The
second is the divergence factor D, which is the ratio of the
intensity on a point of reflected or refracted ray over that at
the incident point as if ε = 1. These definitions can be extended
to the interaction of a ray with a particle, i.e., the intensity of the
emergent ray Ie is related to that of the incident ray Ii by

Ie = εDIi (1)

where ε and D are dimensionless. In general, D is affected by
the two curvatures of the wavefront surface in 3-D. To ease the
discussion, we note in the following by D the divergence factor
due to one curvature of the wavefront in a plane.

Consider now a simple 2-D scattering problem, i.e., a circular
cylinder of radiusa and refractive indexm illuminated by a plane
wave at normal incidence. In GO, the incident wave is described
by bundles of parallel rays (see Fig. 1). The directions of the
reflected and refracted rays on the particle surface are governed
by Snell’s law. Due to the circular symmetry of the cylinder, the
deviation angles θp of the rays are determined by the incident
angle θi, the refractive index m and the order p of the emergent
ray (convention of [3], see Fig. 1). The relation between the
intensities in far field of the emergent ray Ip of order p and the
incident ray Ii is established [3] by the energy balance as

Ip(r, θp)r|dθp| = εIi|dy| = εIia cos θi|dθi|
where r is the distance from the particle center O to the observa-
tion point. According to (1), we identify that the 2-D divergence
factor D2D = a cos θi

r | dθidθp
|. The derivative dθi

dθp
for a circular

cylinder can be found analytically [3] and the divergence factor
is deduced to be D2D = a

rD with [22]

D =
m cos θi cos θr

2 (p cos θi −m cos θr)
(2)

where θr is the refraction angle of the ray on the particle surface.
The Fresnel factor ε is given as follows:

ε =

{
r2X , p = 0
(1− r2X)2(−rX)2(p−1), p �= 0

(3)

Fig. 2. Comparison of the scattering diagrams of an infinite circular cylinder
(λ = 0.6328µm, a = 50µm, m = 1.333) calculated by the Mie theory and
the GO for the perpendicular polarization.

with rX the Fresnel reflection coefficient in polarizationX (X =
⊥ or ‖ for perpendicular or parallel polarization). The complex
amplitude of the scattered wave in far field, by omitting the
cylindrical factor 1/

√
k0r, is [21]

EX,p(θp) = E0

√
π

2
k0aεDeiΦT (4)

where E0 is the amplitude of the incident plane wave, and k0
the wave number in the surrounding medium. The total phase of
the ray ΦT is composed of four parts

ΦT = Φi +ΦP +ΦF +Φf (5)

Φi is the phase of the incident wave, ΦP is the phase due to the
optical path, ΦF is the phase caused by the Fresnel coefficient,
and Φf is the phase shift due to the focal lines (type a in [3]).

The total scattering field in a given direction is then the
summation of the complex amplitudes of all the emergent rays
in that direction and of the forward diffraction. The scattering
diagrams calculated by the above described GO and the Mie
theory are compared in Fig. 2. In the calculation, the number
of the incident rays and the scattering angle divisions are both
7000 and the maximum order isp = 7. We find that the scattering
diagrams of the two methods are in good agreement except in the
rainbow region between 128◦ and 139◦. We have also compared
the scattering diagram of a spherical particle calculated by the
two methods (not given here) and found the similar results. We
can therefore conclude that by taking into account correctly the
divergence factor and all the phases of the rays, the GO can
predict precisely the scattering diagrams of a large particle [22]
except in certain regions.

However, two problems remain to be solved: the correction
of the scattered field near the rainbow angles and the scattering
of a nonspherical particle. We will show that the VCRM [18],
[20], [23] permits to solve the two problems at the same time.

III. VCRM AND VCRM+PO FOR THE SCATTERING OF A

LARGE DIELECTRIC PARTICLE

In the VCRM, the WFC is described by a 2 × 2 matrix and
the relation between the WFCs of the reflected and the refracted
waves with those of the incident wave and the particle surface
is given by the wavefront equation [18]. The amplitude and the
phase of a wave at any point can be evaluated step by step in the
VCRM.
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Fig. 3. Ray model near the rainbow angle of an ellipsoidal particle.

A. Principle of VCRM

To ease the explanation, we consider the scattering in the plane
xy of an ellipsoid illuminated by a plane wave along x-axis (see
Fig. 3). In this case, the WFCs perpendicular and parallel to this
plane are independent and the wavefront equation [17], [18] is
simplified to two scalar equations

k′

R′
1

=
k

R1
+

k′ cos θ′ − k cos θ

ρ1
(6)

k′ cos2 θ′

R′
2

=
k cos2 θ

R2
+

k′ cos θ′ − k cos θ

ρ2
(7)

where k and k′ are, respectively, the wave numbers of the
incident and refracted/reflected rays. The index ν = 1, 2 stands,
respectively, for the WFCs in the direction perpendicular and
parallel to the incident plane. ρν being the curvature radii of the
particle surface at the interaction point, and Rν and R′

ν are the
wavefront curvature radii (WFCR) before and after interaction.
The relation between the WFCR at two successive interaction
points and their distance dq is Rν,q+1 = R′

ν,q − dq , where q
being the interaction number.

The intensity Iq+1 of the ray incident on the (q + 1)th inter-
action point being related to the intensity I ′q of the ray emergent

from qth interaction point by Iq+1 = I ′q
R′

1R
′
2

R1R2
, we deduce from

(1) that the divergence factor between the point on the pth order
emergent ray at distance d and the first incident point is given
by Dp = D1,pD2,p [18] with

Dν,p =

∣∣∣∣∣
R′

ν,1

Rν,2
· R

′
ν,2

Rν,3
· · · R′

ν,p

Rν,p+1
· Re

ν,p+1

(Re
ν,p+1 − d)

∣∣∣∣∣ (8)

where d is the distance from the emergent point to the observa-
tion point P , and Re

ν,p+1 is the WFCR of the emergent ray. The
complex amplitude of the wave at P is calculated by

Eell
X,p(P ) = E0

√
εD1,pD2,p exp (iΦT ) . (9)

For a nonspherical particle, the Fresnel factor ε must be
calculated step by step [20] since the incident angle is no longer
constant. The formula of the total phase ΦT of an emergent ray
is the same as (5), but all the four phases must also be calculated
step by step.

In the special case of scattering by an infinite cylinder, one
of the curvature radii of the particle surface is infinite, ρ1 = ∞,

TABLE I
WFCR (µM) OF RAYS NEAR RAINBOW ANGLE

only (7) is necessary. The complex amplitude is given by

Ecyl
X,p(P ) = E0

√
π

2
εD2,p exp (iΦT ) . (10)

In far field, d tends to r in (8). The complex amplitude of a ray
is obtained by (9) or (10) by setting d = r. The total scattered
field in a given direction is the summation of all the rays emergent
in that direction. In the calculation, the spherical wave factor
1/k0r and the cylindrical wave factor 1/

√
k0r are often omitted.

In the cases of light scattering by an infinite circular cylinder and
a sphere, all formulas of GO can be deduced from VCRM [22].

B. Wavefront Character of Rays in Caustics

In caustics, such as the GO rainbow angles θR, the deviation of
the rays reach extreme. The WFCR tends to infinity and changes
the sign. In the Airy theory [24], the phase of the wave around
θR is approximated by a cubic function and the amplitude is
supposed to be constant. This procedure permits to correct the
scattered field predicted by the GO, but the two approximations
are only valid in the vicinity of θR. The VCRM can calculate
the phase of each ray rigorously in terms of ray model. As an
example, Table I compiles the values of WFCR of the rays near
θR = 137.9219◦ for the same particle as in Fig. 2. R′

2,1 is the
WFCR of the refracted ray at the first interaction point (A in
Fig. 1). The values are all positive representing that the waves
are convergent. The WFCRs of the reflected wave R′

2,2 at point
B are positive except at angles near θR. When they arrive at
point C, R2,3 become all negative. The WFCR of the emergent
rays Re

2,3 change the sign in the rainbow angle θR. In the region
where the angle is bigger than θR, there are two rays folded in
far field so they interfere to generate the supernumerary bows
(see Section IV).

C. Hybrid Method VCRM+PO for the Scattering of a Large
Dielectric Particle in the Rainbow Region

In order to remedy the field around θR, we adopt the method
of the Airy theory, i.e., calculate first the complex amplitude on a
virtual line by using the VCRM and then apply the PO to obtain
the scattered intensity in far field. We choose the orthogonal
coordinates (O′ : u, v), as shown in Fig. 3, with u-axis along the
rainbow ray and v-axis perpendicular to u-axis and passing by
the particle center O. The complex amplitude on the virtual line
v of any emergent ray (EG in Fig. 3) is calculated with (9). The
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Fig. 4. Scattering diagrams near rainbow angle p = 2 with the same parame-
ters as Fig. 2. (a) Perpendicular polarization. (b) Parallel polarization.

distance d in (8) is d = −|CE|. The scattered field is calculated
according to the Huygens–Fresnel principle as [4]

Eell
s (θ) = E0

k0√
2π

∫ v1

v0

√
εD1,pD2,p exp [iΦ(v)]dv (11)

where the lower and upper boundaries v0, v1 are determined
by the effective rays on the virtual line v. Φ(v) = ΦT (v)−
kv sin (θ − θR) with ΦT (v) the phase of the emergent ray on
the virtual line. For an infinite cylinder, (11) is reduced to

Ecyl
s (θ) = E0

k0
2

∫ v1

v0

√
εD2,p exp [iΦ(v)]dv. (12)

IV. NUMERICAL RESULTS AND DISCUSSION

The scattering diagrams in the primary rainbow region cal-
culated by the method described in the previous sections are
shown in Fig. 4 for an infinite circular cylinder and in Fig. 5 for
a spheroidal particle (i.e., an ellipsoid with a = c).

Fig. 4 illustrates that for both the perpendicular and parallel
polarizations, the results of the VCRM+PO agree very well with
Debye theory. The results of VCRM+PO without divergence
factor are also given to show its importance on the amplitude
evaluation. The Airy theory and the Debye theory agree near θR
for the perpendicular polarization but the discrepancy becomes
obvious when the scattering angle deviates far from θR. This is
due to the two approximations in Airy theory indicated above
and discussed in details for a sphere in [25]. In the parallel
polarization, the results of the Airy theory are wrong because
in this case the amplitude and the phase vary fast, and the two
approximations in Airy theory are not valid at all (see [25], [26],
and [27] for sphere).

The scattering diagrams of the spheroidal particle in a sym-
metric plane (see Fig. 3) calculated by the VCRM and the hybrid
method are shown in Fig. 5. We note first that the rainbow angles
depend on the refractive index m and the shape of the particle.

Fig. 5. Scattering diagrams of a spheroid (a = c = 100µm and b = 90µm)
on the symmetric plane for p = 2. (a) Perpendicular polarization. (b) Parallel
polarization.

θR for m = 1.333 is 137.9◦ for a sphere and 150.2° for the
spheroid, but 155.2◦ when the refractive index of the spheroid
is m = 1.362.

We have no rigorous solutions to compare for such large
particle. However, we have shown [19], [20] that the results
of VCRM are in good agreement with experimental measure-
ments except in the vicinity of GO rainbow angles, i.e., around
155.2◦ for m = 1.362 (red curves in Fig. 5). The hybrid method
VCRM+PO has been just developed to remedy this problem (see
Fig. 4). The same method has been applied to the spheroidal
particle, and the results are shown with blue curves in Fig. 5.
We note that the profiles of the corresponding curves are similar
to those in Fig. 4, but the intensity varies more rapidly because
the particle size is bigger and the variation amplitude is less
important because of the nonspherity.

The number of incident rays and the divisions of the scattering
angles are both 7000 for the calculation of the curves in Figs. 4
and 5. The total computation time of each curves is about 0.5 s
on a laptop with Intel Core i7-8750H.

V. CONCLUSION

The VCRM provides an elegant and simple approach to
count the divergence factor and the hybrid method VCRM+PO
permits to remedy the problem of ray model in the caustics. The
effect of the divergence factor in the scattering of nonspherical
particle has been examined and the VCRM+PO is applied to the
scattering of a cylinder and a spheroidal particle. The extension
of this method to 3-D scattering is under study.
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