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Plan of lecture

> General description

> Scattering by a homogeneous cylinder

= Scattering of a plane wave by conductor cylinder
= Scattering of a plane wave by dielectric cylinder

> Scattering by a homogeneous sphere

* Lorenz-Mie theory and Debye series

> Some simple but important notes
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General description

General procedure

1.Description of incident EM wave

2.Expansion of the incident beam

3.Expressions of the internal and scattering waves
4.Solving the boundary problem

5.Formula of physical quantities
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General description

Wave functions and indices in 4 simple coordinate systems

coordinates I, 0, ¢ &n @ 0, 0,2 u, 6,7
indices m, n m, n n, y n, y
functions  z,(),  Rn(d  Z(o.  seh(iod, ceh,(uq?),
P"(€),  Sp(m), e sen(6,9%), ce(6,0°),
gimg gimg pikyz eikﬂ’ q2:f(7)
remarks m, n are integers, indices of wave components;

y 1S continuous and can be understood as cosine of incident
angle in terms of plane wave expansion.

z,(r): spherical function, P, m(6): Associated Legendre function,

R.m(8), S,m(7): radial and angular spheroidal functions,

Z. (p): cylindrical Bessel function,

se,(x), ce,(x) and seh,(x) ceh.(x): Mathieu and modified Mathieu function.
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General description

The incident, scattered and internal waves are expanded in
terms of these functions with corresponding coefficients

Coefficients Spherical Cylindrical dependence
coordinates | coordinates

Incident Beam shape
coefficients (BSC) 9" e () 1)

wave
Scattered Scattering (Mie)
ﬂ:' I ns l:)n anl’ anII’ bnI’anI
wave coefficients Independent of
Internal  Internal field incident beam shape;

field  coefficients G (B TR GG )

* In the case of spheroidal and elliptical cylinder, the aspect ratio intervenes
In the beam shape coefficients because of the coordinate property.
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Scattering of an infinite czlinder

1. Scattering of a plane wave by a conductor cylinder

I.TM wave: the plane wave propagates in x direction and polarized in xz plane:
E, =E,e, =Ee e, =Ee "%,

ARy

*According to the generation function of Bessel function, the incident wave
can be expanded as £ _E et g, Zw: ) (ko)™

Suppose that the scattered field is expanded as (since  H’ ko) —=—e™ ko

— resolve

this simple
question?

*The total electric field on the surface of the cylinder p=a is null

E,=E,+E,=E, i i"[ 3, (ka)+a,H? (ka) |e™ =0

*So the scattering coefficients: 3. (ka)
T THO (ka)
*The total magnetic field is obtained by
H =LV>< E
MO
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Scattering of an infinite czlinder

1. Scattering of a plane wave by a conductor cylinder

I1.TE wave: the plane wave propagates in x direction and polarized in xy plane:
Hi = Hziez — Hoe—ikxeZ — Hoe—ikpcos;ﬁeZ

*According to the generation function of Bessel function, the incident wave
can be expanded as

Try for
another
polarization?

Hzi = Hoeiikpcosqj = Ho Z iim‘]m(kp)eim(ﬁ

*Suppose that the scattered field is expanded as
Hao = Hy 3 7D H (p)e™

*The tangent component of the electric field is null: E =0. We know also E=—$VxH

E, =0 3" (3 (ka) +b,H? (ka) Je™ =0 vXA:F%_%}ep{%_%}eﬁi{w-%}ez
0

p op oz pl op o

EW m-—p

*S0 the scattering coefficients: | _  Jn(ka)
" H?'(ka)

*The total electric field is obtained by
E-—' VvxH

0
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Scattenng of an infinite cxlmder

2. Scattering of a plane wave by a conductor cylinder

Summary:
*The total field outside of the cylinder:
TM wave:

E(p.g2)=Ee =E S i™ [3,(kp)—a,HO (kp) Je™e,
a —_ J .. (ka) i -
""" H®ka) H(p.¢2)=—VxE
LD

IEO i jm { m I:J (kp)— aerE]Z)(kp)J [Jr‘n(kp)_aerE‘Z)‘(kp):Iep}eiwﬁ

pHo n=,  (Kp
TE wave:
E(p.4.2)=— VxH
lew
b, = - 2n(k®) =0 J.(kp)—b,H® (k J.(kp)—b,HP (k e
m Hé]z)'(ka) |8(()me I: ( p) m' 'm ( p)i| ': m( p)_ m' 'm ( p)]ep e
H(p.¢,2)=E,e, =H, Z i3, (kp)—b,HP (kp) [e™e,
MUNIVERSITE co q
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Scattering of an infinite cxlinder

2. Scattering of a plane wave by a dielectric cylinder

I.TM wave: the plane wave propagates and polarized S
in xz plane, k makes an angle &, with z axis. 1
0. 2
*Incident wave: E, = E,(~cosg,e, +sinf,e,)e e bricosh) ‘ o —T
hszOS 00’ E . —i(upcosg+hz A“S&v E
u=ksing, =?°(—hcos¢ep +hsinge, + pe,)e et & g 4/

*Expansion of the incident wave:

Bessel generation function: ~ f(up,$)=e™* = 3" i™J, (up)e™

m=—owo

. i —-iof m &, i i . of x> . i
singe ™ = — —=— > i"J_(kp)e™ cosge e =i ——=i» i"J, '(kp)e™
kpog  wpn— o(up) mzw

We obtain ) -
E=E 2 E, {—thm'(ﬂp)ep +—— 3, (up)e, + 13, (up)e, }e“m‘”’m)
M=o Hp

with E_ :IT . This can be written in vector wave function:

[ E,, is different from Bohren. ] E.=E Z E.N,
Better to use k and without E,,. M=
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Scattering of an infinite cxlinder

2. Scattering of a plane wave by a dielectric cylinder

*The incident TM fields are expanded as I
*The internal and external fields are expanded as /0 x
E, =E, i En[Comy+dyn, ] \\\\4/

Hl = EO ;;l;l i Em [le r]m +dmlmm]

, E,=-E, ) E,[ia,m{ +b,n
H? (p) —="— \/ﬂ—ze"pime”"‘ e

HS=EOK > E,lia,nt +b,m |

ml"'m mi m
ol

By using the boundary conditions for electric and magnetic waves at p = a:

E,+E,=E, Hi, +Hy = Hy,

Eiz+Esz :Elz HiZ+HSZ - le
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Scattermg of an infinite cxlmder

2. Scattering of a plane wave by a dielectric cylinder

«The coefficients are found: & = @sinfo, n=aym’—cos’6, @ = ka

ayy = Cme_BmDm Wlth Ay = [ ,“(I])J,“() UJ'm(U) m( )}
m - . 2
WiV + Dy, By = @T[’” E?Jm(’,’) Im(E) = ndm(n) m( ‘)]
WH?B!H + ZID.'HC!H &‘2
by = WV, 1 EDE; Cn = ncosOond,(n)da(é )(!?2 -1)
. _ ) =2
dmir — iCmDm 14_”? ‘jm D, = ncos HO".’JJr.'(]J’)HI(Jlin(é:)(% - 1)
Wy Vi + iD3, A
b Cmu/m + AmDm Vv’” = é-_[m é;Jf.'l(U)HI(H )(‘:) - U‘].'H(U)HI(H) (_)]
" W,V + D3 Wo = iEldaHY (€ - e1, () HY (@)
*Special case of normal incidence: g =90°, ¢=q, n=am
Cm:Dm:0 2 amI :bmll =
B, A No cross polarization.
bml :W1 Ay = _VTm
*Special case of conductor cylinder m:
m-—>o0, n=am— o,
NG, RN Identical to our previous results.
m T Q) ! mi @)
Hy' ($) Ha (€)
MUNIVERSITE co—=ia
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Scattering of a homogeneous sEhere

1. Lorenz-Mie theory
Scattering of the plane wave by a homogeneous sphere

cf. Bohren Chapt.4 £—F, LTREHZ) %

)d| The incident wave is polarized in direction.

= |ncident wave: E —Ee ™ — [ pikosdg
i~ =0 x =0

= \ector wave functions:

~ sind - COS @ =~
meln = +Zn (kr)7Z'n (COS 0) Cz)sﬁee - Zn (kr)Tn (COS 0) sin £e¢

(0]

n,, = %[n(n +1)z, (kr)P, (cos 8) g?ﬁgér +[krz, (kr)]'z,(cos &) gior?gé’g F[krz, (k)] 7, (cos ) gg;géd

= Expansion of incident wave :

e N[ AW @) 4 W)
Ei_EOZ[Cn m% +d™n ]
n=0

eln

= |nternal and scattered fields:

E, = E, > CP(ia, i) —b,m®) E, =, CM(c,m% —id, i)
=1 =1
RUNIVERSITE
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Scattering of a homogeneous sghere

= Expansion of the incident wave: E; = E." e, = E""“*’,
« Scalar potential:

with

« EM fields:

MUNIVERSITE
DEROUEN

IT, =cosg¢ > cPP(cosb) j, (kr)
n=1

IT;, =sing>_cP"P(cos6) j, (kr)
=1

2n+1
n(n+1)

pw _ =-n
¢ =i

CE N o[ @ _in®
Ei_EOZ:Cn I:moln_lneln:l
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Scattermg of a homogeneous sEhere

= Expansion of the scattered waves:
* Scalar potential © s _ #3" a,P(cos O)h (kr)

IT;, =sing> b, P(cos )h? (kr)
n=1

 Electric Field: E. - Eoicrf’w[lannéfz —b,m®]
= Expansion of the internal waves:

 Scalar potential : )
IT; =cos¢ > c,P(cosd) j, (kr)

12, =sin ¢ d,P(cos ) j, (kr)
n=1

e Electric Field:
E, =E,».c™|c,m$, —id,n% |

n' " 'oln n" ‘eln
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Scattermg of a homogeneous sghere

= Boundary conditionsatr=a

Ei¢+Es¢=Ee¢ Hi¢+HS¢=He¢
Ei€+E59:Ee6 Hi0+Hs6'=He0

* \We establish

w(X) = Xj (X) y,(ma)c, +mé, ()b, =my ,(a)
£(X) = xh? (x) v, (a)e, +&,(a)b, =y, (@)
o =ka my (ma)d, + ¢ (a)d, =y, (o)

v, (a)d, + Wé,(@)a, =y,

andfind 5, Graw, @ -y @ 6ia)
"oy, (ma)é (o) - & (o), (ha)
_y, )y, (a) iy, (2)y, (7c)
v, (ma)é () —mé, (@), (ha)
MUNIVERSITE D §
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Scattering of a homogeneous sghere

= Resonance:
Coefficient of Mie for external field:

Iy, (), @)~y @y, (@a) , _ v, (ha)y, (@) =iy, (@y, (ia)
iy, (ma)é, () — &, (e, (mar) " ¥, (Ma)E, (@) =mé, (), (iar)

Resonance electric:

a, — o when fiy, ()&, (@) = £ (@), (ia)

Resonance magnetic:

b, — o0 when v, (), (@) = mé, (@), (i)

Given m to find x
Or given x find m

E,Quu P, ... 2
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Scattering of a homogeneous sghere
= Calculation of physical quantities _
» Far field:

B o e ar@)sbm ) | L Scattering diagram:
2
s CoS
Es¢=—iEoe sin g e Lam@n@]  [1=] 5,7 |1(0)
kr = n(n+ S|n2§0

* Cross sections:

2 o
Coa =23 @n+1)(13, F +1b, )
n=1

|, =cos’pf(0)
2/2 0

|, =sin®pf (0)
o =;REZ(2n+1)R9(a +b,) 2. Resonance:

« Radiation pressure:

when a, or b, — o

NG 2+l g . CEoo
pr,z - 2“_ ; n{n + 1] 'gn,l Re(aﬂ- + bﬂ. Eﬂﬁbn:l
(n+2) " Corr Coa o0
nin * M
+ H-.+j. R’e[gngn+1{an+bn+an+l - Cpr,z —> 00

+ b;+1 — 2a,a,4 — Ebnb;ﬂ]l].
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Scattermg of a homogeneous sEhere

= Examples of calculation

Scattering diagrams Radiation pressure

Scattering diagrams of a water droplet ~ z component of radiation pressure of a
(a=7.5 pum m=1.333) illuminated by a  water (m=1.333) droplet illuminated

plane wave (A=0.6328 pm). by a plane wave (A=0.6328 um).
Scattenng diagram Radiation pressure as function of particle size
7 SO N T U SO U TS SO SR S
] Pars 1IIeI oolarlzatlo% 332 | !
. . = Bt T B T e | e | B
i Perpendicular polarization = |
I 1 et S e L 1 e [ v/a st
— (M |
% 4 uv h %28—': """"""""" 'T-'---:r --------------------------
-3 D 26
: 5 e
2 o WW LU VALY WAV 5 24 = ?_._ SN/ RN SR L SR W |
! l ' = 22 ! TP r ---------------------------------
3
CEN 5 DO TU D TR TN TR DU T B
0O 20 40 60 80 100 120 140 160 180 2':"‘, ntateteks bintetek Seteteteiet Snbvbtotel Seteteiotl Sbuiatated Setetetel Sbabetate ettt vtatatate
Scatterin angle [°] 47 475 48 485 49 48 5 505 51 515 52
Radius [pm]
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Scattering of a homogeneous sphere

2. Lorenz-Mie theory for a conductor sphere

An exercise:

=As a special case of the Mie theory
 Finda,andb,:

_ iy, (e, (@) v, (@, (e) v, (la)y, (@) =iy, (@), (ha)

iy, (ma)E ()& (), (ha) " w,(ma)é, (o) —mé, (), (ifa)

conductor : ;1 —» o a = (x) p =¥ (x)

TS & ()

= Direct solution:

5 < 1 1
» Incident wave: E, =E, > c™[mf —in® |
n=1
» Scattered wave: E, =E, > c|ia,n{) —bmY |
n=1

* Boundary conditions: E ;= E,=0. It is ready to find the same a, and by,

RUNIVERSITE co—<ia
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Scattermg of a homogeneous sEhere

3. Debye theory

Expansion of the scattered wave in different orders

(an] _ Xy, (ﬂ)‘/’n (@) -y, (a)l//rll (B) _ 1{1_ R _TlT 215:(R121)p1:|
b, ) xw,(B), (@)= Y&, (@w,(B) 2 o ’

n
C, T# 1 p-1
(d j 2(1 R121) 2Tn21Z(Rf1‘21)

n p=1

p=1

RIZL _ a&, (X)E,(y) = BE ()E(Y) _ &) aDP (x) - BDS (y)
" a&, ()&, (Y) = BE X (Y)  &,(y) aDP (x)— BDP(y)

nee __ @6, (06, (V) = AS, (0, (V) _ &, (x) @D (x) - SO (y)
’ g, (¢, (Y) = B&,(0¢,(y)  &,(X) D (x) = D (y)

1 _ 2i Ta_ M 2i
&, ()¢, (¥) = BE, ()¢, () Ty g (04, (y) - B (0 (Y)

m./m our a 1 our a
a=ka, f=mka, x={1 2 P " ={ P "

1 pourb m,/m, pourb,

RUNIVERSITE co~<id
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Scattering of a homogeneous sEhere

= Examples of calculation: scattering diagrams

Scattering diagrams of different orders for a water droplet (a=7.5 pum, m=1.333)
illuminated by a plane wave (A=0.6328 pm).

Perpendicular polarization Parallel polarization
Scattering diagram Scattering diagram
64} . 6 \h
4 'mm{\‘ YU b 4 - W‘ FEIN o
W, T rv\,wY\ ; : . A V"‘WVW« .

2 WW\M’]‘F W AW N‘V\Wfl W Vﬂ V\\ F\V?% 2 V\mw“ o P A \WVVYVM\?'W
=0 SRV \f \\‘/"'l\r 7 : =% - Y\MW YAI'/ i
~ = N ey A { A
g / (TS T L A .

-4

-6 -

\ -6
-8 . ;
\'1’\, _8_5\‘\'\1}1‘.'."
0 20 40 60 80 100 120 140 160 180 (I) 20 40 60 80 100 120 140 160 180
Scatterin angle [°] Scatterin angle [°]
Total intensity p = —1,0: diffraction + reflection. p = 1: reflection.
p=2: one internal reflection. p=3: two internal reflections.
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Some simple but important notes

=  Time convention
- Two conventions are used in this lecture according to the context, so
the attention must be paid when using the formula.
- The signs of the time and propagation factors are always opposed.

eikr Or eikz for e_ia,t e—ikr or e—ikz for eia)t
- Relation between the two conventions: all formula for one convention
can be converted for the other by replacing i by —i

= Sign of the imaginary part of refractive index
The sign of the imaginary part of refractive index is always opposed to the
sign of time convention (before iat)

=  Wavelength in Mie theory
When the refractive index of the surrounding medium is different from 1
and the relative refractive index is used, the wavelength MUST be that
In the surrounding medium, but not the wavelength in the vacuum.

RUNIVERSITE co—<ia
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Some simple but important notes

= Polarization
Different definitions and nominations are used according to the context.
- Perpendicular and parallel polarizations:
» Usage: often for reflection and refraction, scattering wave in far field.

 Definition: electric field relative to the scattering plane (defined by the
direction of the incident wave and the observation point).

 Exception: For infinite cylinder, the polarization of the incident wave is
defined according to the plane of the cylinder and the incident wave, but
the scattered field is defined according to the scattering plane (defined by
the incident direction and the observation point) (Bohren).

- Horizontal and vertical polarizations :
« Usage: mainly in wave propagation, antenna, and microwave, .
o Definition: (Theory of irospheric wave, KC Yeh and CHLiu 1972, HL g E 6, HHAZ. X1k 1983)
Horizontal: E perpendicular to the incident plane (since surface horizontal).
Vertical = H perpendicular to the incident plane.

RUNIVERSITE co—<ia
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Some simple but important notes

- TMand TE:
« Mean only transversal electric and magnetic field.
EX. In GLMT g,,,, r¢ calculated by H,(E,,=0), 9, v Calculated by E, (H,,=0).
« Used for reflection and refraction:(F—F: T.fEHZ)11%)
TE= 1L since the polarization of E does not change at all for all the waves.
TM=|| since the polarization of H does not change at all for all the waves.

E,=E, =TE R

E,=E, =TM
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