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Introduction

» Elastic scattering

» Inelastic scattering

The effects of multiple scattering
and coherent scattering depend not
only on the concentration but also
the size of the particles.
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Introduction

Continuous .
Incident
or pulse Beam
_ » External (near or far field)
Interaction > Internal field
» Force (Pressure or torque)
Individual or
cloud/aggregate Scatters
of particles

EM wave propagation Combustion

Remote sensing Fluid of mechanics

Telecommunications Manipulation of small particles

Environmental science ¢ Biological and life science
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Introduction

Theoretical models

» Rigorous theories
= Lorenz-Mie Theory

* Generalized Lorenz-Mie theory(GLMT)

» Numerical methods (mainly for non-spherical object)
= FDTD - Finite Difference Time Domain
= MoM - Method of Moments
= FEM - Finite Element Method
= T-Matrix
= DDA - Dipole Discrete Approximation (ADDA and DDSCAT)
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Introduction

Theoretical models

» Approximate models

= Rayleigh’s theory : any shape, dimension /<< A
= Rayleigh-Gans: |m-1|<<1

= Diffraction: [ ~A4

= Geometrical Optics: [ >> A

= Geometrical Theory of Diffraction

= Rav theorv of wave (RTW) under development
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Introduction

Applications

Physics Astrophysics
Understanding of physical Effect of force
procedures Interplanetary Dust Particles

EM Scattering of an

Optical Tweezers
Biological/life science

1

' Optical metrology

Environment . .
Ener propagation < detection Micro-fluidics
gy communication

...... Radar . Material science

EM wave
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Fundamentals - Plane wave

Electromagnetic (EM) field and properties

Wave front= plane ||xOy

X
y Propagation direction L E et H
O Wave vector: k
E H Wave number:  k =27”

E, =A cos(wt—K-r—¢,)
E, =A cos(ot—Kk-r—d¢)

E = Eoef(“"“’;-F ~%) | (complex fonction)

Two polarizations: {

E —electric field
H —magnetic field

D=c¢cE B=uyH H NN £— permittivity
: M .
U - permeability

In an isotropic medium:
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Fundamentals - Different forms of wave

Electromagnetic (EM) field and properties

spherical

Cylindrical Plane wave in far field

€7 # %
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Fundamentals - Refractive index

Complex refractive index

m=m,_—nil

Real part - velocity: m_ = ©
V
Examples:

vacuum: c= 3x108ms?, 2A=0,6328 um
water: n,,=1,33 v, =2,26x108 ms*, A.,=0,4758 um

eau

glass: Nue=15  Vyerre=2,00x102 ms?t, A e=0,4219 um

verre

—_— nIn : v=y' A=A’
n<n —_— v>y' o ASA]
- ni>n v<v' A<’
RUNIVERSITE co—<=ia
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Fundamentals - Refractive index

V522 F - RHER A B B L

Complex refractive index

Imaginary part - absorption:

FIHIRE

d=—-0162
m.k, m.

E — Eoei(a)t—nk02+¢)

_ Eoeia)t—imrkoz—mikoz+i¢ Eo(z — d) ot
_ Eoe—mikozei(a)t—mrkoz+¢) E,(z=0)
- N . 1
Amplitude a z: k —~d= 0162
E,(z) = E,(z = 0)e ™’ m.K, -

Penetration depth d:

e 1 _1
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0.6328 pum

m,=0.1,d =1 pum
m,=0.0001,d =1 mm
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Fundamentals - Energy and momentum

Poynting’s vector and Intensity

1
Energy density (J/m3): U= E( E-D+B-H)
Poynting’s vector (W/m?):

1

S:ExH:-RquHj 0
2

Complex function

In isotropic medium

Poynting’s vector: S =vun

Intensity: | =S oc E°
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Fundamentals - Energy and momentum

Stress tensor, force and torque

Stress tensor:

f’z%R{gEE*JrﬂHH*JF%(E-E*+H-H*)f}
Radiation force: F = gSS ds (T
Torque: = — (T
q M =-G dS-((T)xr)

Integration over a sphere including the particle:
-when r—o, E,—0:

1 2w . . . ‘
F=— f [ Re [€(1Eel® + |E4P) + u(Hol* + |Hyl*) | e, sin 0dods
T J0 JO
-but E, can never be neglected for torque:
~2n
M = —% [ J Re [(EE;»E:; —I—yH,,H;';) eo— (eE Ey + pnHHy) eg,] > sin Bd6d
1)y _
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Fundamentals - Scattering matrix

Relation between incident and scattered waves
in far field

ik
ELS —1kr S4 Sl ELi Defin_itio_n of ) d
polarization

For a particle of spherical symmetry:
S;=S5,=0

particle scattering plane

A A A A A A # A A A

[ 'PO01SIapUN [[9M 37 0] ‘[elluassa AIaA

Diagramme de diffusion d’une sphere éclairée par un faisceau gaussien
(hors axe), polarisation perpendiculaire en rouge et paralléle en vert.

RUNIVERSITE
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Fundamentals - Phase function

Scattering diagram

sphere: d=2a, refraction index: m=1.33 | (6’ (0) _ Io F (9, (D)
Incident plane wave ! kz r2
105 | LI L T
—— polarisation parallele ] . .
3 [iulm'isuiinn ;m'pemliml]uire InCIdent Wave pOIarlzed
10 i

In X direction:
2
| =F(0,4=0)=|S,|

| =F(0,4=90°)=s, [

107
10" Particle size parameter:
10'5 I T S S S
0 30 60 a0 120 150 180
Angle de diffusion [deg.]
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Fundamentals - cross sections

Integral properties of a scatter

External EM field: E=E+E,, H=H+H,

Poynting vector of total filed: X _
1 ‘ Imaginary

S=-Re{ExH'}=85+8.+5. _-=-1-=~._Sphere

S. = gRelE: < H;) >/' |

I . \ E{} L'I 1: Zh-
SH — Eh)( {E.‘ K.H_q} lTLH I IJJ
', dA

Sewt = éh’t'{E; ~H.+FE.x H'} . x ,-J"Aﬂ'

Energy balance
Wabs = _IA S- erdA :Winc _Wsca +Wext

W, == S -edA W, =—] S -edA W, =-[ S, edA

Wext:Wabs+Wsca
RUNIVERSITE co—ia
DEROUEN
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Fundamentals - cross sections

Definition of cross sections and efficient factors

Efficient Sections: Physical interpretation

. . W E——
Absorption section: C_, . = Iabs — 9 s ec, Absorption
i + +
W E— et
Scattering section: C_, = — E— { - ‘C Scattering
[ |

T
7
Extinction sction: C,_, = — ——~ i . ‘Ct Total

perturbation

Efficiency factors

C C C

_ Zext — _Zabs — _“sca
Qext A ! Qabs A ! Qsca A

Transparent particle

Cabs = O’ C:ext = Csca Qabs = O’ Qext
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Fundamentals - cross sections

Know to read and use the graph

5 " -
Extinction efficiency factor: Q,,(o,,m)=Q,,.(A,a,m)
i
3 F
FI:
o
2 F i _
CEL particule 3
oy transparente '
!! !
:J ]
U'.........I.........I.........I ......... | I T T R R N
0 10 20 30 40
Particle size parameter (o)
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Small particle
d 4
At

Qe ~
\

Why the sky is blue
and the sun is red at
rising and sunset?

Large particle

Qext — 2

The high frequency
Is smoothened for
polydisperse
distribution
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Fundamentals - cross sections

Know to read and use the graph

4.0 e ——————— e _
[ m=1.33 ]
------------ m=1.33-0.014
- _ m=1.33-0.1¢ Small partiC|e
d<<A:
8(xd\' | (m?-1
220 F T Qe (—j R( 2 J
) A 2
o m- +
wofp  fr TTTTTTTTTTTE ]
00 Fof
0.0 5.0 10.0 5.0 20.0
Particle size parameter
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Fundamentals — caussian beam

Characteristics of a beam

(a). Intensity: decreasing along z and r.

0
W, ‘ 2r° _ _) _____
I(r,z) =1, {w(z)} exp{—wz(z)} M

(b). Beam waist radius w,=w(z=0):
(=)= I(r—O)

e’

2 2
W(z) = w, 1+( ﬂ,zz) TW,

W,

(c). Divergence angle

w(z) )| _ A
=i [ ID {arctan( ﬂ = arctan (”WOJ

(d). Rayleigh distance: z, = w2 /A

10, zR)—E‘% W(z, ) = v/2w,
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Maxwell eguatlons & wave eguatlons

1. Maxwell equations in differential form

v g - _B E: electric field
o H: magnetic field
VxH = j+ ob D: electric displacement
VD - o B: magnetic induction
J: electric current density
V-B = 0 p: electric charge density

2. Constitutive relations

D = €E £ permittivity
B = uH Li: permeability

£ and u are scalars in an isotropic medium, matrix in an

anisotropic medium.
MUNIVERSITE co—ia
DEROUEN
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Maxwell e guatlons & wave eguauons

3. Wave equations of a harmonic wave in free space:
= Harmonic wave: A(r,t)=A(r)e!“t (A stands for H, D, H or B)

= Free space: =0, p=0
By calculating the curl of the first two Maxwell equations, using the 3
and 4™ equations and the identity:
Vx(VxA) =V(V-A)-V°A
We obtain the wave equations

VE+kKE =0

9 9 To be checked
with k>=a’pe Vit ks =4 by yourself.

- k i1s the wave number
- o Is the angular frequency
- v=./ue IS the wave velocity.

RUNIVERSITE —;
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Maxwell eguatlons & wave eguatlons

Scalar wave equations

= Plane wave: It is evident that the plane wave E(r,t)=E i@k js
a solution of the wave equation.

= General cases: we can show that in free space two independent

scalar functions are sufficient to describe all EM waves. The
two scalar functions can be two components of a vector potential.

= Hertz vectors: We choose often a component of the electric Hertz
vector I'l, and a component of the magnetic Hertz vector I1, as the
Independent scalar functions and construct the two Hertz vectors:
IT, =all, and IT, =all,
They satisfy the same wave equation:
(V> +kHII1=0
and the EM fields are given by:
E =V x(VxIL)—louV xII,
H =iweV <IT, + V x(V xI1 )

RUNIVERSITE co—<ia
DEROUEN
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Maxwell eguations & wave eguations

5. Vector wave equations
= \Vector wave eguation (A stands for E or H or IT)
(V2 +k*)A=0
= \ector wave functions (11 stands for either IT, or IT,.):

We suppose that the scalar function IT satisfies the scalar Helmholtz
equation and a is a vector constant. Then we compose

I — VI VXL = 0
M — Vx(all) " . Vo=
v _ 1o,  With properties V-N =0
R V.-L=V1l=-k11
| 1 .
EM fields: E=Y (AN, +B,M,) Cf. Bohren p198

lop 3 %\expression of E.

H :LZ(Ath +B N ) JCheck this writing from }

The divergences of E and H are null in free space, so no L.

RUNIVERSITE co—<ia
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Solution of wave equations

1. General description
Our task 1s now to solve the scalar wave equation
(VZ+KkHII=0
in different coordinate systems by the variable separation method.
I.Wave functions :  TI(x, X, x,) = X, (%) X, (%,) X;5(X;)
11.Differential wave equations:

D(X,(%)) =H
P00 %, %)) =0 $ D(X,(x;))=v
iii.Solutions: D(X,(%)) = f (1, v)

(%, %, %) =Z@_l(xl)xg<xg)x§(x3)

v
Beam s_hape coeff. ‘J Usually one or two
Scattering coeff.

: special functions
Internal field coeff. P

RUNIVERSITE co—<ia
DEROUEN

1-30



Lecture at Xidian University V522 FL T RHOR B AT &

Solution of wave equations

2. Solution in the cylindrical coordinate system
= Differential equations in the spherical coordinate system

Lo (o) | o°11 911 200 = 0
—— | p— — : <1l =
p dp f dp p2oP? T2

= Separation of the variables. We suppose:
I1(p. ¢.2) = R(p)®(¢)Z(z)

and obtain: -

(- 5

7 h=7Z =0

dz=

Harmonic oscillator
d? P differential equations.
— + 2P =0
d o=

)

°’R 1d , V2 _ _
{—. -+ . + (,u' - ]—,]R = {}\ Bessel differential eq. \
P~

with »? + =k

MUNIVERSITE
DEROUEN
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Solution of wave equations

= General solutions of these three differential equations

are respectively |
- Exponential function: ©,,(#) =€™ m is the azimuth mode.
- Cylindrical Bessel function: R (up) =2, (up)
- Exponential function: Z, (z) =e™ hisk,.
So the general solution is given by

1, = Z, (ﬂp)ﬁ,f(mch—h;}
The Hertz potential for plane wave (h const.) Is given by
11 = Z CmZon (Hp)ef(mcb—h;)

M=—0co

For shaped beam: s fcm;,zm(u,o)e“”“b””dlr
h

M=—00

Different fields are expressed with different coefficients and
adequate Bessel function.

RUNIVERSITE co—ia
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Solution of wave equations

= Electromagnetic field
With help of the relation between the Hertz vectors and EM fields:

E =Vx(VxIL)—louV xI1
=lweV xIT +V x(V xIL )

We choose IT=Tle, and establish

L Pl iwpll, 2 LEVE.
P 0poz p 0 Vx(VxA) =V(V-A)-V°A
16°11, 11
E, = —=—°1iou=" g Lo ot) 15t o
p (kbd"’ dp Vet = o of +—
21 p Op 8,0 op° 0oz
C e 9
E. = — +k°1Il, 1 o(pA oA
0z v.a_ 10(pA) 10A oA
%1, iweOll, p p pop &
Mo = oz T a0
Hon 00 gaadrea Al o el afolem) o)
E, — 10711, i oll, pop oz |” | oz op pl op 09"
P 000z dp
E. — J?H’” + k°TI,,
: J72
RUNIVERSITE co—ia
DE ROUEN CNRS - UNIVEIl?JS"I/{E 6?:[15Ad RC;UEN
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Solution of wave equations

= Vector wave functions:
By introducing the Hertz function in the above equations, the EM
fields can be expressed as vector wave function in the form like:

m=Vx(Il,e,) 3
E = Z (Anmm + anm)
M=—c0
with
] VZ (L0 . )
ny, = IEZ““{PP}EP - ‘ IU_"{ )em‘(,:[m:ﬁ—h,,]
P dp

1 17, / | _ _
Ny = I I_HI{ ;}iffpj €, — %Z‘”“fﬁ}e{b 4 ,U‘}Zm(pp]e_._ (;:[m;h—hhj

= In classical Lorentz Mie theory — scattering of a plane wave by a
cylindrical particle, for a given incident angle ¢, h=cos C Is
constant. Only the summation on m is necessary. But in beam
scattering the incident wave and scattered wave must be expanded

In h, so a integral on h is necessary.

RUNIVERSITE co—ia
DEROUEN
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Solution of wave equations

3. Solution in the spherical coordinate system

= Differential equations in the spherical coordinate system
For convenience we note I1=r¢, then the wave equation becomes

10 (.0 19 ) 1 e
1_2(;_! (}2((3_10) i r2 sin 6 (';Q (sin QETLS) N 2 sin? o ;(; N 1’{250 =0
= Separation of the variables. We suppose:
©(r.6.¢) = R(kr)©(6)D(4)
and obtain:; x=cos®, v =n(n+1)

dP 9
Ea*nﬂbzﬂ
o d’P dP m>
1 - %)= = 2x— +[v* - P=0
(1-2 )d.x'g Yax T (} 1 —x2
d*R 2 dR nin+ D, o
-~ d(kr)?  krd(kr) (kr)? N

RUNIVERSITE co—ia
DEROUEN
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Solution of wave equations

= General solutions of these three differential equations

dd 2 2 9 9
— + HI (I) = 0 1 — l'Q)Q — 9y ﬁ + 1.'-! _ m P=0 d R‘) _ dR 1_ ”(” +‘)l)
1—x2 d(kr)?  krd(kr) (kr)?

d¢ T
Are respectively
- Exponential function: e
- (Associated) Legendre function; £ (cos®)
- Spherical Bessel function: z, (kr)

So the general solution is given by
Onm = Zn (/\} )Pm (CC}S Q)Er'mcf;
The Hertz potential for any EM wave Is given by

SR R Va () = X, (X)
00= 3 3 e vt |Aconem|  |rioo s
n=1m=—n (S;;UU‘) én (X) _ th(]2)(x)

x=0

imao

Different fields are expressed with different coefficients and
adequate Bessel function.

RUNIVERSITE co—ia
DEROUEN
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Solution of wave equations

= Electromagnetic field
With help of the relation between the Hertz vectors and EM fields:

E =V x(VxIL)—louV <1,
H =iweV <11, + V x (V<11 )

We choose IT=T1e, and establish

7t | PR a1, )
E, = 53 + k711, H, = 52 T k=11,
1P, iwp 011, iwe dll, 1711,
EH I — - " - H” = - + —
rardd rsing oo rsind d¢ r drdd
Eth _ ] f.-].}l I{- n J'-{Lﬁu ‘:j‘l_lm Hﬂ.} _ _fI{tJE' il [{» n 1 'f.j_: l‘_L”
rsiné drog roof rooad rsiné drdg
by using
iu 1 r'i'u 1 du 2
Vi—— -= —e, x(V x A) = -A)-V°A
“ r?rfr i r r?ﬁ' ot rﬁinl‘:'ffi'@‘:“ v (V ) V(V ) v
V.a— 1 E‘(f'zur) N 1 d(sinfagy) 1 dag
T2 dr rsinf det rsint dg
o 1 Jf} sin H“-’aﬁ] r'?'aﬁ. l -1 rfi‘ar_ﬁ("“-ﬁ} f,_g—i—l a (rag) _Hi e
rsmbi i &) ﬁ'qu risind dd ar vl  or ils]
RUNIVERSITE
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Solution of wave equations

= Vector wave functions:
By introducing the Hertz function in the above equations, the EM
fields can be expressed as vector wave function in the form like:

E= i i ('A\nnmmn + annmn)

n=0 m=-n

with

[n) Jimd

m,, = |im:,,(kr)7r,, (cost)ey — :,,(/\'r)rl',"l(('( S H)e(;,lt
Il |n(n+1)
kr } kr
+! (kr) T (cos 8)eq + imy!, (kr)m™ (cos H)eg,l e'™?
= In classical Lorentz Mie theory — scattering of a plane wave by a
spherical particle, we have only terms with m=+1 , so cosine and
sine functions as well as Legendre function are used, and the

vector wave functions are noted as m;,,, M.y, Ny1py Negpe BUL IN
beam scattering m_., n.. must be used for the solutions to be

U (kr)P™ (cos B)e,

’llllll

completed.
RUNIVERSITE co—.a
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